In order to solve the A-body Schrödinger equation both accurately and efficiently for open-shell nuclei, a novel many-body method coined as Bogoliubov many-body perturbation theory (BMBPT) was recently formalized and applied at low orders. Based on the breaking of U (1) symmetry associated with particle-number conservation, this perturbation theory must operate under the constraint that the average number of particles is self-consistently adjusted at each perturbative order. The corresponding formalism is presently detailed with the goal to characterize the behavior of the associated Taylor series. BMBPT is, thus, investigated numerically up to high orders at the price of restricting oneself to a small, i.e. schematic, portion of Fock space. While low-order results only differ by 2 − 3 % from those obtained via a configuration interaction (CI) diagonalization, the series is shown to eventually diverge. The application of a novel resummation method coined as eigenvector continuation further increase the accuracy when built from low-order BMBPT corrections and quickly converges towards the CI result when applied at higher orders. Furthermore, the numerically-costly self-consistent particle number adjustment procedure is shown to be safely bypassed via the use of a computationally cheap a posteriori correction method. Eventually, the present work validates the fact that low order BMBPT calculations based on an a posteriori (average) particle number correction deliver controlled results and demonstrates that they can be optimally complemented by the eigenvector continuation method to provide results with sub-percent accuracy. This approach is, thus, planned to become a workhorse for realistic ab initio calculations of open-shell nuclei in the near future.
Introduction
The long-term objective of the so-called ab initio approach to atomic nuclei is to develop an accurate and universal description of low-energy nuclear systems from first principles. Such a viewpoint stipulates that the atomic nucleus can be appropriately modeled in terms of A = N + Z structureless and strongly interacting neutrons and protons. In this context, the basic interactions between proton and neutron degrees of freedom emerge from the underlying gauge theory of interacting quarks and gluons, i.e., from quantum chromodynamics (QCD). As such, the ab initio endeavour involves two steps: 1) Modelling the elementary inter-nucleon interactions (ideally with an uncertainty estimate);
2) Solving the A-body Schrödinger equation (ideally with an uncertainty estimate); such that the output predictions to be confronted with experimental data are a convolution of these two components. Whenever the uncertainty associated with one of the two above components dominates, the distance to the data can be attributed to it, thus, leading to the necessity to improve on it. Eventually, the ab initio approach offers a systematic path towards a universal theoretical framework to describe nuclear properties ranging from binding energies and charge radii to spectroscopic properties and electroweak transition probabilities.
In the past 15 years, ab initio low-energy nuclear theory has made tremendous progress regarding points 1) and 2) above. First, the ab initio approach has been systematically formulated within the frame of chiral effective field theory (χ-EFT) [1, 2] in which quark and gluon, as well as heavy hadron, degrees of freedom are integrated out. The long-and mid-range parts of inter-nucleon interactions are mediated by pions, the Goldstone bosons of the spontaneously broken chiral symmetry at low energy, and are complemented with contact interactions accounting for high-energy degrees of freedom that are not explicitly incorporated 1 . The low-energy constants (LEC's) of the EFT Lagrangian are typically fixed by reproducing a selected set of few-body data. As such, χ-EFT yields (i) a sound connection to QCD, (ii) a clear hierarchy of the importance of two-nucleon (NN) interactions, three-nucleon (3N) interactions, . . . , (iii) a consistent construction of other, e.g. electroweak, operators, (iv) a mean to estimate uncertainties due to the truncation employed in the systematic construction of the operators and (v) a systematic way to improve on the description if necessary. In addition to their construction within the frame of χ-EFT, another key development relates to the use of similarity renormalization group (SRG) transformations to "soften" nuclear Hamiltonians and make them more amenable to many-body calculations [4, 5] . The unitary SRG evolution constitutes a pre-diagonalization of the operator in momentum space, thus suppressing the coupling between high-and low-momentum modes. As a result, many-body applications discussed below based on SRG-evolved operators have shown highly improved model-space convergence, thus facilitating studies of mid-mass nuclei.
As for point 2), the continuous improvement of methods formulated in the 1980s to solve the Anucleon Schrödinger equation, as well as the development of novel ones, have allowed the computation of many more nuclear observables from first principles. As a first step, essentially exact solutions were typically provided by large scale diagonalization methods such as the no-core shell model (NCSM) [6, 7] and by Green's function Monte Carlo (GFMC) techniques [8, 9] . However, due to the exponentially scaling cost with respect to basis/system size, these approaches are typically limited 2 to light nuclei with mass number A 12. In this context, a breakthrough occurred about 15 years ago to access heavier doubly closed-shell nuclei, i.e., nuclei whose neutron and proton numbers are such that the highest occupied single-nucleon shells are fully filled in a simple mean-field description. This breakthrough was made possible thanks to the development and application of non-perturbative methods whose numerical cost scales polynomially with system size. Examples are coupled cluster (CC) [12, 13, 14, 15, 16] , in-medium similarity renormalization group (IM-SRG) [17, 18, 19, 20] and self-consistent Green's function (SCGF) [21, 22] methods. In particular, CC and SCGF were successfully transferred back from quantum chemistry where they have been intensively developed over the last four decades to describe molecular properties from first principles. These methods have allowed one to access a variety of observables in a few tens of doubly closed-(sub)shell nuclei with 10 A 100.
In principle, the combined use of χ-EFT Hamiltonians and sophisticated methods to solve the A-body Schrödinger equation provides a universal framework with high predictive power. Most remarkably, benchmark calculations in closed-(sub)shell oxygen isotopes (A ∼ 20) have demonstrated the consistency among the various many-body techniques and proved that their current level of implementation delivers ground-state observables with an uncertainty better than 2 − 3 % [23] . Following this achievement, many-body calculations also acquired the role of diagnostic tools and have been used to test qualities and deficiencies of input Hamiltonians across the whole range of medium-mass nuclei [24, 25, 26] . At present, a strong effort is devoted to a better understanding of the shortcomings of existing χ-EFT Hamiltonians with the ambition to improve on the accuracy of ab initio calculations in the future [27, 28, 29] .
Many-body theories accessing mid-mass nuclei typically expand the exact ground-state wavefunction around a reference Slater determinant and can meaningfully access doubly closed-shell systems. However, they are not suited to open-shell systems that constitute the large majority of nuclei. This limitation is due to the fact that the ground-state wavefunction of open-shell nuclei is not dominated by a single Slater determinant such that the Hartree-Fock (HF) approximation cannot yield an appropriate reference point for the expansion. Alternatives have been developed to overcome this cutting-edge difficulty. A first option relies on the derivation of effective valence-space Hamiltonians that are subsequently diagonalized to access the spectrum of the target nucleus. While initially developed within a perturbative scheme [30] , valence-space interactions have recently been formulated within non-perturbative NCSM [31] , CC [24] and IM-SRG [32] frameworks. Still, the dimension of the associated configuration space grows exponentially when moving away from shell closures, which makes it eventually difficult to use such methods beyond A ∼ 100. A second flavour of many-body methods applicable to open-shell nuclei are equation-of-motion (EOM) techniques, where one starts from the solution obtained for a closed-shell nucleus and describes neighbouring nuclei via the action of particle-attachment or particle-removal operators. While this has been extensively used in CC theory [16] , current implementations are restricted to the attachment/removal of at most two particles [33] , which prohibits its use through large degenerate single-particle shells.
Generally speaking, the restriction to a single Slater-determinant reference state is too limiting to design a meaningful expansion method directly in open-shell nuclei due to the degeneracy with respect to elementary particle-hole excitations. The use of more general reference states must be contemplated [34, 35] to lift the degeneracy and tackle, from the outset, strong static correlations associated with it. The first option in this direction relies on reference states mixing a set of appropriately chosen Slater determinants. Those multi-configurational reference states can, for example, be obtained from a prior NCSM calculation in small model spaces or under the form of a particle-number-projected Hartree-Fock-Bogoliubov (PHFB) state. Such reference states have been successfully employed in the multi-reference extension of IM-SRG (MR-IMSRG) [36, 37] or within a perturbative framework yielding multi-configurational perturbation theory (MCPT) [38] .
With the objective to maintain a strict polynomial cost with basis/system size and keep the intrinsic simplicity of single-reference expansion methods, another option relies on reference states breaking one or several symmetries, i.e. states that do not carry an eigenvalue of the Casimir operator of a given symmetry of the Hamiltonian as a good quantum number. In semi-magic nuclei, U (1) global-gauge symmetry associated with particle-number conservation is allowed to break in order to address Cooper pair's instability and handle nuclear superfluidity. This leads to expanding the exact solution of the A-body Schrödinger equation around a Bogoliubov reference state that reduces to a Slater determinant in closed-shell systems. In doubly open-shell nuclei, SU (2) rotational symmetry associated with angular-momentum conservation must also be allowed to break, thus, leading to the use of a spatially-deformed reference state. The above considerations have led to the design of non-perturbative Gorkov self-consistent Green's function (GSCGF) [39, 40] and Bogoliubov coupled cluster (BCC) [41] methods that generalize standard SCGF and CC to open-shell systems. Restricting one-self to a perturbative method, this rational has led to the design of Bogoliubov many-body perturbation theory (BMBPT) [42] that is the focus of the present paper 3 .
Focusing so far on singly open-shell nuclei, the formal and numerical developments of symmetrybreaking many-body methods have led to unprecedented achievements in the past years, e.g., the first systematic ab initio calculations along complete chains of oxygen, calcium and nickel isotopes [25, 48, 28] as well as their immediate neighbours such as potassium isotopes [49] via GSCGF theory. These calculations have contributed to the characterization of the too limited quality of existing chiral EFT Hamiltonians in mid-mass nuclei few years back [48, 49, 25, 50] . Recently, BMBPT was implemented up to third order and shown to provide an accurate description of medium-mass ground-state energies at a significantly lower computational cost than GSCGF, BCC or MR-IMSRG theory [26] . This makes BMBPT an extremely useful candidate to perform large survey calculations, to systematically test next generations of chiral EFT Hamiltonians [51] and to make the future extension to even more challenging doubly open-shell nuclei simpler than in other ab initio frameworks.
The use of a perturbation theory relies on the hope that the associated Taylor series converges or possesses asymptotic properties that justify the use of the first few orders as a meaningful estimate of the full series. This question has been addressed in Refs. [52] and [53] for standard MBPT appropriate to doubly closed-shell nuclei. Despite softening the interaction via an SRG transformation [54] to tame down its ultra-violet source of non-perturbative character [55, 56, 57] , MBPT was shown [52] to typically diverge in small model spaces for O 16 . The algebraic Padé 3 The breaking of symmetries is only emergent in a finite quantum system but not actually realized [43, 44, 45] , i.e. it simply constitutes a (tremendously useful!) artefact of an approximate calculation such that symmetries of the nuclear states must eventually be restored. With this objective in mind, even more general formalisms coined as particle-number and/or angular-momentum projected BCC (PBCC) and BMBPT (PBMBPT) have been recently formulated [42, 46] . While the application of PBCC to the schematic solvable Richardson Hamiltonian is very encouraging [47] , the full-fledged implementation of PBMBPT and PBCC to nuclei is still awaiting.
resummation method was successfully invoked to recover physical quantities from the diverging series. Reference [53] further revealed that using the variationally optimised HF Slater determinant as a reference state (i.e. using the Møller-Plesset scheme) in combination with an SRG-softened interaction provides a convergent MBPT series. These results are consistent with what was found earlier on in quantum chemistry [58] .
The objective of the present paper is to extend this study to (singly) open-shell nuclei studied through BMBPT. Strong static correlations of infrared origin are "regularized" via the breaking of U (1) symmetry such that a meaningful expansion can at least be defined on top of the reference state. While low orders have indeed been shown to provide sound results [26] , the behavior of the associated Taylor series remains to be characterized more thoroughly by pushing BMBPT to high orders.
Furthermore, it happens that the breaking of, e.g. U (1), symmetry has profound consequences on the characteristics of the series produced through the perturbative expansion. While the reference state and the perturbatively corrected states are not eigenstates of the Casimir operator of the symmetry group, one wishes to impose that the targeted eigenvalue is at least reproduced on average 4 . Breaking U (1) symmetry thus implies that states at play are not eigenstates of the particle-number operator A but must carry at least the physical number of particle on average 5 . In this context, the difficulty relates to the fact that the average particle number typically changes at each perturbative order. In Ref. [26] , low orders were addressed in such a way that the shift of the average particle number occurring at each order was accounted for by an unsubstantiated a posteriori correction. A more robust formalism was suggested by the authors in which the average particle number is actually adjusted to the correct value at each perturbative order. This idea leads to a new type of unexplored perturbative sequence characterized by the following two features: 1) Even though the exact solution obtained as the limit of the sequence must lie within the Hilbert space associated with A-particle systems, the sequence itself is not restricted to that Hilbert space and spans the entire Fock space.
2) The expansion involves in fact two coupled sequences associated with the energy and the average particle number such that the latter is constrained to match the targeted physical value at each working order. The coupling between the two sequences and the need to deliver the physical particle number on average at each order makes the approach intrinsically iterative and at variance with standard MBPTs.
Eventually, one is led to considering a new type of expansion coined as many-body perturbation theory under constraint 6 . The presently introduced constrained version of BMBPT is denoted as BMBPT • while the unconstrained form is indicated as BMBPT • . The third variant of BMBPT employed in Ref. [26] makes use of an a posteriori correction and is denoted as BMBPT * . In this context, the objective of the present study is to investigate the following, yet unexplored, aspects of BMBPT (or rather BMBPT • ): 4 This feature is not restricted to perturbation theory and must equally be imposed in non-perturbative schemes based on symmetry-breaking reference states such as GSCGF or BCC. 5 It must be clear from the outset that this constraint on the average particle number is not identical to the actual restoration of good particle number accomplished by PBMBPT or PBCC [42, 47] on top of BMBPT or BCC. 6 A similar feature arises within the frame of MBPT-based orbital-dependent density functional theory, i.e. the perturbative expansion must be constrained to yield no corrections to the local density such that the reference Kohn-Sham state displays the same local density as the fully correlated/corrected state at each working order, e.g. see Ref. [59] .
1) What is the high-order behavior of the Taylor series under constraint?
2) In absence of convergence, does this behavior authorize the use of standard or novel resummation methods delivering the correct result?
3) If so, do low orders provide a fair approximation of the resummed series? 4) Is the a posteriori correction employed in Ref. [26] justified such that the iterative and costly character of BMBPT • can be entirely bypassed in actual applications via the use of BMBPT * ?
To address these various points, and contrary to its original derivation based on a time-dependent formalism [42, 60] , BMBPT • is presently introduced on the basis of a more traditional timeindependent approach. In this context, BMBPT • is easily formulated via a recursive scheme from which corrections up to high, e.g., 20 th or 30 th , order can be efficiently computed. Still, doing so in numerical applications requires to limit oneself to a small, i.e. schematic, portion of Fock space such that a severe truncation on the set of eigenstates of the unperturbed Hamiltonian must be considered. It is the price to pay to be able to investigate the series up to high orders and one hopes that the truncation effects do not invalidate the general conclusions reached in this way.
The document is organized as follows. In Sec. 2, basic equations of the many-body problem are stated and notations are introduced. Section 3 introduces the basic ingredients of the Bogoliubov framework. In Sec. 4, the BMBPT • formalism is developed and compared to standard unconstrained MBPT, i.e. BMBPT • . After introducing the Taylor series associated with strict perturbation theory, the well-known Padé resummation scheme and the recently proposed eigenvector continuation (EC) technique [61, 62] are introduced. In Sec. 5, results from calculations performed within a small model-space are displayed and analyzed. The specificities of BMBPT • , BMBPT • and BMBPT * , as well as of the resummation methods built on them, are probed and validated against exact diagonalization. Lastly, conclusions and perspectives are provided in Sec. 6.
Master equations

Eigenvalue equations
Ab initio nuclear structure calculations aim at solving the time-independent many-body Schrödinger equation
where H is the Hamiltonian defined from elementary inter-nucleon interactions, while |Ψ A n and E A n denote its A-body eigenstates and eigenenergies, respectively. As testified by the carried quantum number 7 A, the Hamiltonian commutes with the particle-number operator, i.e. [H, A] = 0. Due to the allowed breaking of particle-number symmetry later on, the actual problem of interest consists in fact of explicitly considering the two coupled eigenvalue equations
where the grand potential operator is defined through
with λ the chemical potential. The eigenstates |Ψ A n of Ω are the same as those of H and carry eigenvalues E A n ≡ E A n − λA. Generically, the aim is thus to solve an eigenvalue problem
for an operator O such that [H, O] = 0, while invoking a constraint. Solving the coupled eigenvalue equations in a perturbative way leads to an iterative formalism developed in Sec. 4.
Evaluation of observables
Given a quantum state, there exist essentially two general ways to evaluate an observable, i.e. the so-called projective and expectation value methods. Historically, a projective approach is typically used to compute the energy in the context of MBPT and CC. In contrast, the expectation value method is traditionally used in SCGF. The two methods coincide in the exact limit, i.e., they deliver the eigenvalue of interest when the considered quantum state is indeed an eigenstate of the corresponding operator. Due to the approximate solving of the A-body problem, however, the two approaches yield different results in practice.
Projective approach
The projective measure of an observable O in the quantum state |Ψ A n is defined as
where |Φ is an appropriate reference state such that Φ|Ψ A n = 0. This expression is manifestly real whenever O is self-adjoint. If |Ψ A n is an eigenstate of O, each term in the parenthesis is actually real and delivers the corresponding eigenvalue O A n = O A n . However, if the exact eigenstate is approximated, the first term might become complex 8 , thus, the use of a symmetric definition in Eq. (5) .
Similarly, the dispersion of O in |Ψ A n is defined through
If |Ψ A n is an eigenstate of O with eigenvalue O A n , it is also an eigenstate of O 2 with eigenvalue (O A n ) 2 such that ∆O A n = 0 as expected. The inverse statement is not true, i.e., ∆O A n can vanish without |Ψ A n being an eigenstate of O.
Expectation value approach
The expectation value measure of O in |Ψ A n is straightforwardly defined as
which is manifestly real if O is self-adjoint. If |Ψ A n is an eigenstate of O, one has O A n = O A n . Consistently, the variance is given by
Here, |Ψ A n is an eigenstate of O with eigenvalue O A n if and only if ∆ O A n = 0. While potentially interesting, the expectation value approach is not investigated in the present document such that only results obtained from the projective measure are reported below.
Bogoliubov framework
The novelty of single-reference BMBPT is to employ a particle-number breaking Bogoliubov reference state as a way to handle open-shell nuclei in a controlled fashion. The present section introduces the basics of Bogoliubov algebra, Bogoliubov vacua and the associated Wick's theorem.
Bogoliubov algebra
Quasi-particle annihilation and creation operators {β † k , β k } are related to a set of ordinary particle operators B 1 ≡ {c † p , c p } making up a basis of the one-body Hilbert space H 1 via a Bogoliubov transformation [63] 
This linear transformation can be written in matrix form as
where
Enforcing that both sets of fermionic operators obey anti-commutation rules
translates into the fact that W is unitary, allowing one to invert the Bogoliubov transformation.
Given the set of quasi-particle operators, the Bogoliubov many-body state |Φ is introduced as their vacuum satisfying β k |Φ = 0 for all k, which defines it up to a phase. Because quasi-particle operators mix particle creation and annihilation operators, |Φ is not an eigenstate of the particle number operator 9 . Still, one typically requires that the Bogoliubov state carries the physical number of particles 10 on average, i.e. Φ|A|Φ = A .
In practice, one needs to specify how the Bogoliubov vacuum is effectively obtained, i.e, the set of quasi-particle operators {β † k , β k }, or equivalently the matrices U and V making up the Bogoliubov transformation matrix W , must be characterized. In the present study, |Φ is taken to be the solution of the variational problem formulated within the manifold of Bogoliubov states, i.e. the U and V matrices solve the Hartree-Fock-Bogoliubov eigenvalue equation [63] generalizing the HF one. This standard mean-field variational problem is briefly recalled in Appendix A.
Operator representation
a generic operator O commuting with A and summing a one-body, a two-body. . . , up to a A-body contribution is written in second quantized form according to
where matrix elements o 1N pq ,ō 2N pqrs ,ō 3N pqrstu are fully anti-symmetric with respect to permutations within the groups of indices associated with creation or annihilation operators. Using Wick's theorem [64] with respect to the Bogoliubov vacuum, the operator can be rewritten as a sum of normal-ordered products of quasi-particle creation and annihilation operators
Here O ij k1···kiki+1···ki+j is totally anti-symmetric with respect to permutations of indices belonging either to the subset of annihilation operators or to the subset of creation operators. The expressions of O ij k1···kiki+1···ki+j up to O [6] as a function of the U and V Bogoliubov matrices as well as of the matrix elementsō kN p1p2···p k with k ≤ 3, can be found in Refs. [41, 65] . For example, the above can be straightforwardly applied to the nuclear Hamiltonian H ≡ T + V + W initially defined as
where T denotes the kinetic energy and where anti-symmetric matrix elementsv pqrs andw pqrstu of 2N and 3N interactions are employed. The same is true for the particle number operator
Bogoliubov many-body perturbation theory
Bogoliubov many-body perturbation theory expands exact eigenstates |Ψ A n of H around a Bogoliubov reference state breaking particle-number symmetry. It presents the tremendous advantage that static, i.e. pairing, correlations at play in (singly) open-shell nuclei are already largely accounted for by the reference state. In doing so, the degeneracy of Slater determinants with respect to particlehole excitations is lifted from the outset 11 , thus offering the possibility to meaningfully expand the exact eigenstates on top of it.
As already mentioned, a constraint on the average particle number needs to be imposed at each order in the BMBPT expansion. Fixing the average particle number in the reference state to a targeted value, e.g. the physical one, it is shifted by the perturbative corrections 12 . As a result, one must in fact envision to enforce that the sum of the contributions equates the physical value at each working order. In the following section, MBPT under constraint is thus developed within the framework of BMBPT and is denoted as BMBPT •13 .
Perturbative expansion under constraint
In order to monitor the average particle number, a Lagrange term is added to the Hamiltonian 14 , thus leading to the introduction of the grand potential in Eq. (3). To set up the perturbation theory, the driving operator Ω is partitioned according to
where Ω 0 (Ω 1 ) denotes the unperturbed (residual) part. The key feature of BMBPT is to permit both Ω 0 and Ω 1 to break U (1) global gauge symmetry, i.e. to authorize that [Ω 0 , A] = 0 and [Ω 1 , A] = 0. The operator Ω 0 is chosen such that its eigenbasis can be constructed exactly, thus providing the set of unperturbed states among which the state carrying the lowest (non-degenerate) eigenvalue is nothing but the reference state |Φ . The particle-number shift induced by the perturbative corrections is anticipated from the outset and accounted for by adjusting the average particle number carried by the reference state accordingly. This is done 15 by adapting λ, which actually corresponds to a redefinition of Ω. This procedure must be conducted at each working order 16 P , leading in fact to the use of an order-dependent grand potential operator
where the label P indicates the perturbative order at which the constraint is meant to be imposed. This feature constitutes a key novelty of BMBPT • whose consequences are discussed at length in the following. Notice that Ω P commutes with H for each value of P , so that the eigenbasis of Ω P is independent of P and can be taken to be the same as the eigenbasis of H. On the other hand, the associated eigenvalues
The practical implementation of the particle-number adjustment procedure is the subject of Sec. 4.5.
Order-dependent partitioning
Due to the P -dependence introduced in Eq. (19) , the partitioning of Eq. (18) must be rewritten as
such that the reference state |Φ P itself depends on P . More explicitly, the partitioning is stipulated under the form
where the normal-ordered representation with respect to |Φ P defined through Eq.(15) is employed, withΩ 11 P ≡ Ω 11 P −Ω 11 P . The unperturbed part Ω 0P contains the zero-body operator (number)
14 The chemical potential λ is fixed such that E A 0 0 for the targeted particle number A 0 is the lowest value of all E A n over Fock space, i.e. it penalises systems with larger number of particles such that
This is practically achievable only if E A 0 is strictly convex in the neighbourhood of A 0 , which is generally but not always true for atomic nuclei [42] . 15 As discussed in Sec. 4.5, this calls for an iterative procedure. 16 The precise meaning of P will be defined retrospectively through Eq. (36) .
and a diagonal one-body operator chosen to take the form
where E kP denotes a set of positive quasi-particle energies. In practice, the HFB solution is utilized as the Bogoliubov vacuum and constitutes the zero-order approximation to the perturbative sequence. This choice of reference state corresponds to the Møller-Plesset scheme in standard MBPT. Working in this scheme implies that Ω 02 P = Ω 20 P =Ω 11 P = 0 and that the quasi-particle energies E kP are taken as the solutions of the HFB eigenvalue equation (Eq. (A.11)). Still, BMBPT equations are presently derived for a generic Bogoliubov vacuum such that the Møller-Plesset scheme is easily obtained by setting Ω 02 P , Ω 20 P andΩ 11 P to zero at the end. Acting with all possible strings 17,18 of quasi-particle creation operators on the vacuum generates the many-body states |Φ k1k2···
where the number of quasi-particle excitations characterizes the rank of the state. It is easy to verify that the eigenbasis of the unperturbed operator Ω 0P is given by
Wave-function expansion
Concentrating on a generic order P , an auxiliary operator is further introduced
where x ∈ [0, 1] denotes the expansion parameter, such that
Eigenvalues and eigenvectors of Ω P (x) are defined through
such that
deliver the eigenvector and eigenvalue of Ω P , respectively. One notices that |Ψ nP (x) andẼ nP (x) do not carry the superscript A in general. Indeed, exact eigenstates of Ω P (x) do themselves break particle-number symmetry given that [Ω P (x), A] = 0 except for x = 1, i.e. only in the limit x → 1 is U (1) global gauge symmetry satisfied. Next, a power series expansion of |Ψ nP (x) andẼ nP (x) in terms of x is formulated
where the upper index (p) labels each coefficient in the power series. Intermediate normalization 19 is invoked Φ
which is ensured by
which is nothing but the eigenvalue equation for the unperturbed grand potential Ω 0P . Using Eq. (25), one can further identify
which for the ground state reduces to the Bogoliubov reference state of the order-P calculation, i.e. |Φ
= Ω 00 P . The actual P -order perturbative approximation of |Ψ nP (x) is obtained from Eq. (31a) by truncating the power series at order P
where the summation index P eventually defines the perturbative order used by anticipation in 19 Using this convention, |Ψ nP (x) is not normalized as soon as x = 0.
Eqs. (19)-(35b). The procedure is summarized through the set of equations
such that the sequence of states |Ψ
nP (1) P = 0, ..., ∞ defines the successive approximations to the eigenstate |Ψ A n of H and are all required to fulfil the auxiliary constraint
In contrast to traditional MBPT based on a single partitioning leading to one Taylor series, BMBPT • generates a sequence of approximations, each of which refers to a different partitioning and a different Taylor series, i.e. the approximations generated at each order are not the successive partial sums associated with a single Taylor series.
If the constraint is relaxed, this framework reduces to the naive unconstrained BMBPT, i.e. BMBPT • , for which the definition of the driving operator, its splitting and the Taylor series are independent of the order at which one eventually wishes to work. Consequently, there is only one power series expansion of the wave-function, i.e. Eqs. (37a)-(37d) reduce to a single equation. In this case, the successive approximations to the wave-function are nothing but the consecutive partial sums of this single series.
It is a compelling question whether or not one can eventually bypass the need to explicitly enforce the constrained and design an efficient scheme in which BMBPT • is complemented with an a posteriori correction. If so, the chemical potential would typically be chosen such that the reference state carries the physical particle number on average, which corresponds to setting the subscript P to 0 independently of the actual order [P ] at which one wishes to operate. This question of great practical interest will be addressed in Sec. 5.3.4.
Recursive scheme
In this section, a recursive scheme for the determination of the state corrections |Φ
nP is introduced as derived in Refs. [52, 53] . Applying this scheme in a small model space allows to utilize BMBPT up to high orders. For notational convenience, the index P characterizing the explicit P -dependence of the entire expansion scheme is dropped in the remainder of the paper. By default, the reader should keep in mind that Ω, its partitioning, the associated unperturbed basis, the Taylor series etc. are actually P -dependent.
Substituting Eqs. (27) and (31) into Eq. (29) gives
such that grouping the terms proportional to x p leads tõ 
which allows one to identifyẼ
Left multiplying Eq.
such that matching the terms proportional to x p provides the relation
Introducing the coefficients
allows one to expand |Φ (p) n on the unperturbed basis {|Φ
such that Eq. (42) becomesẼ
Inserting Eq. (46) into Eq. (45) eventually provides
Equation (48) permits to compute the wave-function coefficients recursively 20 through a matrixvector multiplication at each new order involving the matrix of Ω 1 expressed in the unperturbed basis. The necessary initial conditions at p = 0 are extracted from Eqs. (33) and (35b) such that
As discussed in Appendix B.1, the subspace of Fock space F contributing to |Φ (p) n can be identified by unfolding the recursive relation (48) . This characterization is of importance given that a truncation over the visited subspace is eventually performed in the numerical applications, i.e. Ω 1 is represented only in a subspace of F when building the matrix used to perform the repeated matrix-vector multiplications. The computed coefficients are, thus, complete only up to a certain perturbative order P . One hopes that the general conclusions drawn out of the behavior of the expansion up to high orders are however not affected.
Matrix elements
Up to this point, the fact that the unperturbed states |Φ 
Observable expansion
The sequence of successive approximations |Ψ n (x) reads as
which is such that 21 lim
Substituting Eq. (36) into Eq. (50) yields
where Eq. (46) was used. Therefore O
n (x) is a Taylor series in x truncated at order P such that O [P ] n (1) , P = 0, · · · , ∞ defines the sequence of successive approximations to O A n . Each term in the sequence originates from a different, i.e. order-dependent, Taylor series.
Considering the variance in its projective form
and inserting Eq. (52) leads to
Equation (52) is applied to O ≡ H, A, and Ω to generate E
n (x) and E
[P ]
n (x), respectively. The same is done for the particle-number variance ∆A 
Resummation methods
While the use of SRG-transformed Hamiltonians and of symmetry-breaking reference states tame down ultraviolet and infrared sources of non-perturbative behavior [51] , the convergence of the sequence associated with BMBPT • is of course not guaranteed and may call for resummation methods.
Padé resummation
The sequences defined through Eqs. (50) and (53) can be resummed using the well-known Padé scheme. This resummation technique has proven to be successful in the context of standard MBPT [52] and is briefly recalled in Appendix C.
Eigenvector continuation
Since no analytical property of the sequence is known, conventional resummation methods such as Padé cannot be applied with full confidence. Therefore, an alternative that does not rely on such a knowledge is highly desirable. Recently, a variational method coined as eigenvector continuation (EC) [61] was designed to treat physical systems whose Hamiltonian depends on a continuous control parameter that takes a specific value for the actual problem of interest. In the present context, the operator of interest is Ω(x) introduced in Eq. (27) . It continuously depends on the control parameter x scaling the residual interaction Ω 1 and taking the value x = 1 for the physical system of interest.
The rationale of the EC method relies on two principles:
1. There exists a regime of the control parameter, e.g. 0 ≤ x ≤ x e < 1 for which the system is easier to solve than for the physical value (x = 1);
Presently, the first principle demands that, even if the problem of actual interest is not perturbative, it does become perturbative for small enough values of x. Given that Ω(x) is expressed in a finite basis, the perturbative series indeed has a non-vanishing radius of convergence, i.e. there exists x e ≤ 1 such that the Taylor series of Eq. (31) does converge for 0 ≤ x ≤ x e . The smoothness of the problem ensures that the second principles applies, i.e. finding a low-dimensional manifold of eigenvectors in the well-behaved regime, they can be extrapolated to x = 1 even when the perturbative expansion is not converging. This extrapolation technique can in fact be understood as a sequence of analytic continuations allowing to go beyond the radius of convergence of the perturbative expansion. In practice, the EC method consist of two successive steps:
n (x i ) ; i = 1, · · · N EC is obtained through BMBPT by computing the P -order eigenvectors of Ω(x i ) for a selection of N EC values 0 ≤ x ≤ x e ; 2. The targeted operator Ω = Ω(1) is diagonalized in the low-dimensional manifold obtained through step 1. The auxiliary states being non-orthogonal, solving the secular equation requires to compute two N EC × N EC matrices, i.e., the grand potential Ψ
n (x j ) and norm Ψ
n (x j ) kernels.
Given Eq. (37d), one notices that
. . .
|Ψ
which implies that the secular equation can be equivalently written in terms of the set 22 |Φ (p) n ; p = 0, · · · P and does not actually depend on the choice of the N EC x i values. Correspondingly, the effective dimensionality of the problem is in fact set by the chosen order P and not by N EC . Eventually, the (P + 1) × (P + 1) grand potential and norm matrices of practical interest are defined as
such that the former is Hermitian and the latter is symmetric positive definite. The generalized eigenvalue problem to solve reads as ΩX = EN X .
In practice, the EC method requires the sole knowledge of the perturbative state corrections |Φ (p) n , p = 1, · · · P from which the grand potential and norm matrices can be computed. Still, instead of simply summing the corrections as is done in the Taylor expansion, the EC scheme adds a supplementary diagonalization step by solving the Eq. (57).
In principle, the EC can be set up for any eigenstate characterized by the label n. Presently, the ground-state is targeted such that n is set to 0 in Eq. (56) . Still, the associated secular equation provides P + 1 states |Ψ [P ] k EC among which the lowest one (k = 0) is logically associated with the ground state. In addition, the other states (k > 0) can be empirically compared to the P lowest-lying excited states. Accessing excitation spectra via the EC technique deserves further investigation. In Sec. 5 below, only results for the ground state are displayed and discussed.
Having access to a new approximation to the eigenstates, one can compute any associated observable O through the projective measure
While the present paper displays numerous BMBPT-based EC results, a preliminary highlight was already presented in Ref. [66] to disclose the merits and the potential of the approach.
Reference results
When working in a fixed subspace of manageable dimension defined by a subset of the unperturbed states {|Φ (0) n }, it is possible to diagonalize the matrix representing a given operator, e.g. Φ
, to obtain its exact eigenvectors and eigenvalues in that subspace. With these eigenvectors at hand, any other observable can be computed. It corresponds to a (truncated) configuration interaction (CI) approach delivering reference results against which approximate methods implemented in the same subspace can be benchmarked.
While CI calculations traditionally employ a many-body basis made out of n-particle/n-hole excited determinants, the present diagonalization is formulated within a subspace spanned by selected quasi-particle excitations of the Bogoliubov reference state. Consequently, the corresponding method is coined as (truncated) Bogoliubov configuration interaction (BCI) and provides reference results for those obtained in the same subspace via BMBPT or via the resummation methods based on it discussed in 4.3. Because the BCI method is subject to the same considerations as BMBPT regarding the handling of the average particle number, several variants will have to be considered in practice, i.e. BCI • , BCI • or BCI * . Details of the BCI method are given in Appendix D.
Particle-number adjustment
In Sec. 4.1, BMBPT • was formally introduced to account for the contributions making up the average particle number at each order P . Adapting the average particle number carried by the reference state through the adjustment of the Lagrange parameter λ P leads to the use of a P -dependent grand potential Ω P . In this way, one uses the freedom of choice of the reference state to anticipate for the subsequent particle-number drift caused by BMBPT corrections such that the average particle number is eventually correct in the complete P -order 23
The intrinsically iterative character of the method is sketched in Fig. 1 for an arbitrary order P . One starts by solving the self-consistent HFB problem, described in Appendix A, imposing that HFB BMBPT order P
A [P ] ?
= A Aim at order P Evaluate observables Yes No
Adjust A HFB Figure 1 : Schematic representation of the iterative particle-number adjustment method in BMBPT for a specific order P .
the HFB vacuum contains A particles on average. Next, e.g., BMBPT corrections are generated to compute A
0P . If A [P ] 0P = A according to a certain accuracy measure, one recomputes the HFB reference state with a shifted average particle number that compensates for that difference, which sets λ P to a new value. Once again, BMBPT are generated to recompute A
[P ]
0P and the loop is in fact performed until one reaches A [P ] 0P = A. Once the iterative process is converged, other observables (Ω P , H and ∆A) are evaluated. This procedure needs to be repeated at each order P .
Results
In this section, results obtained from BMBPT (•/•/ * ) calculations and from resummation methods built on it are presented and systematically benchmarked against the corresponding BCI results.
Numerical implementation
Having derived BMBPT equations along with the necessary ingredients to perform the particlenumber adjustment in the previous chapter, the next step consists of numerically implementing this framework and testing its performance. Hence, an additional parallelized configuration-driven BMBPT code was implemented.
The computations are performed using a realistic Hamiltonian derived from chiral EFT. The Hamiltonian contains a two-nucleon (NN) interaction derived at next-to-next-to-next-to leading order (N3LO) in the chiral expansion [1] while the 3N interaction is omitted for simplicity. The bare chiral EFT interaction is not suited to a perturbative treatment due to its strong repulsive character at short distances. Hence, a SRG transformation is used to soften the interaction improving the convergence of the perturbative expansion [67] . The SRG-softening however induces supplementary higher-body forces that are discarded beyond a certain particle rank 24 . Therefore a trade-off between improved convergence and accuracy has to be made. In this application, the final SRG-flow parameter is α = 0.08 fm 4 . This value was shown to provide a convergent behaviour of the HF-based MBPT expansion in doubly closed-shell nuclei [53] .
The Hamiltonian is expressed in the one-body eigenbasis of the spherical harmonic oscillator Hamiltonian with frequency Ω = 20 MeV using all single-particle states up to e max ≡ (2n+l) max = 4. Realistic calculations typically make use of a model space characterized by e max = 12 or 14 in order to reach convergence with respect to the basis set. Since the objective of this work is to investigate BMBPT at high orders, one is forced to perform these calculations in a small model space.
The many-body configuration space, i.e. the subspace of F spanned by the eigenbasis {|Φ (0) n = |Φ k1···ki } of Ω 0 is also truncated. The used subspace consists of all single (two quasi-particles) and double (four quasi-particles) excitations as well as a portion of the triple (six quasi-particles) ones. The dominant triple configurations are incorporated via the use of importance truncation (IT) techniques [68] such that the configuration space is coined as F SD(T ) . The basic idea behind IT is to estimate a priori the importance of each state |Φ k1···ki using a computationally cheap method and discarding the irrelevant basis states. The IT measure 25 employed is provided in Ref. [68] . The threshold below which states are discarded is denoted as κ IT and is taken equal to 10 −6 in the present study, knowing that results do not depend significantly on its precise value.
Closed-shell system
As a first step, results obtained from the various methods introduced in Secs. 4.2 and 4.3 are displayed in Fig. 2 for the ground state of the doubly closed-shell nucleus O 16 as a function of the perturbative order P . The average particle number is trivially equal to 16 independently of P whereas the particle number dispersion vanishes systematically. These features are expected given that the Bogoliubov reference state reduces to a Slater determinant in doubly closed-shell nuclei such that BMBPT itself trivially reduces, in all of its unconstrained or constrained flavors, to the traditional particle-number-conserving MBPT. For the energy as well as for the grand potential, the BMBPT • Taylor series converges to the BCI • value, which itself reduces to standard CI in the present case. This result is consistent with the conclusions drawn in Ref. [53] where convergence properties of the HF-based MBPT were investigated.
Given that BMBPT • converges towards BCI • , the same is true for BMBPT • -Padé and BMBPT • -EC resummation techniques. BMBPT • -EC present the advantage of converging from above thanks to its variational character. The associated convergence rates are compared in the inset for the grand potential by displaying the difference to the BCI • result. BMBPT • -EC converges the fastest, i.e. it already reaches 1 % accuracy for P = 2. BMBPT • -Padé only starts at third order and attains 1 % accuracy at order 4 while the strict Taylor expansion does so at P = 6. 
Open-shell system 5.3.1. Unconstrained BMBPT
The study is now repeated for the ground state of the open-shell nucleus O 18 . First, BMBPT • is investigated, i.e., the average particle number is constrained to the targeted value (A = 18) only for the HFB reference state. Figure 3 displays results in the same format as in Fig. 2 . The first striking finding is that the strict Taylor expansion diverges whereas BMBPT • -Padé and BMBPT • -EC converge towards BCI • , although at a different rate and following different patterns. In particular, the EC converges much faster and monotonically from above.
The average particle number starts drifting at second order for BMBPT • and eventually explodes. The excess of particles is reflected in the energy that displays a 15 (30) MeV overbinding at second (third) order. This feature is not observed for BMBPT • -EC that converges rapidly and variationally towards BCI •26 . BMBPT • -Padé results are unreliable at low orders but converge rather quickly for P ≥ 5 towards BCI • as well.
The particle-number dispersion is found to be different from zero in all cases 27 . The finite dispersion delivered by BCI • is again an artefact of the model-space truncation and would eventually go to zero in the full configuration space limit. In addition to being non-zero at low orders, the particlenumber dispersion obtained from BMBPT • quickly diverges with increasing orders. Contrarily, BMBPT • -Padé and BMBPT • -EC resummation methods resolve the problem and converge towards the BCI • value in the truncated model space. This convergence is once again faster for BMBPT • -EC than for BMBPT • -Padé.
The convergence/divergence rates of the sequences are characterized in the inset. BMBPT • , which in this unconstrained case is nothing but the consecutive partial sums of a single Taylor series, is shown to diverge exponentially. While both BMBPT • -Padé and BMBPT • -EC converge, the latter does indeed do so at a faster (eventually exponential) rate.
The divergence of the BMBPT • Taylor series is now further investigated by taking a closer look at its successive partial sums as a function of the expansion parameter x. In Fig. 4 , the Taylor series truncated at various orders is depicted for the energy and the particle number. A divergence around x = 0.5 is observed such that the physical point (x = 1) is clearly outside the radius of convergence of the Taylor series. Since the consecutive partial sums are smooth within the domain of convergence, a resummation scheme seems well suited to recover the asymptotic value at x = 1. Indeed, BMBPT • -Padé does overcome the divergence 28 around x = 0.5.
While BMBPT • is found to diverge systematically, resummation techniques can safely retrieve a converging sequence. However, at each finite order (beyond first order), and even at convergence, the average particle number is shown to differ from the physical value. Clearly, BMBPT • , BMBPT • -Padé, BMBPT • -EC and BCI • making use of the particle-number adjustment procedure formalized in Sec. 4 need now to be invoked to overcome this limitation.
HFB dependence
Since BMBPT • eventually relies on a careful adaptation of the average particle number A HFB carried by the HFB reference state, it is worth examining the way observables computed at various orders in the unconstrained approaches depend on A HFB . Thus, Fig. 5 displays the energy and the particle number at orders 2, 4, 6 and 15 as a function of A HFB ∈ [16, 24] . Since A = 16 and 24 correspond to closed-shell nuclei, no perturbative correction to the average particle number arises in these limit cases.
One first observes that the BCI curve is a monotonic function of A HFB and crosses the physical value A = 18 for A HFB ≈ 18, i.e. the net shift brought by BCI correlations on top of the reference state are mild. Moving to BMBPT, A [P ] is also a monotonic function of A HFB at low orders and follows quite closely the BCI curve. In contrast, the function becomes erratic and quickly oscillating for P ≥ 6 such that no unique solution can be found for A [P ] = 18 in the interval A HFB ∈ [16, 24] . Additionally, the function A [P ] (A HFB ) changes abruptly from one order to the next such that the HFB vacuum providing the correct average particle number at a given order P does not relate in any transparent, i.e. continuous, way to the one found at order P + 1. From the empirical standpoint, this confirms the unappropriate behavior of the BMBPT Taylor series beyond the lowest orders. However, resumming the Taylor series through Padé or EC does restore appropriate properties. The corresponding functions A [P ] (A HFB ) are monotonic and quickly fall onto the BCI curve when increasing P .
Similar observations are made for the energy on the bottom panels 29 . The Taylor expansion is well behaved at low orders but becomes erratic for P > 4 and does not converge to the BCI curve. On the other hand, BMBPT-Padé and BMBPT-EC do converge to BCI although poles contaminate the Padé approximants at orders 4 and 6.
Eventually, the Taylor expansion seems suitable to perform a particle-number adjustment at low orders, i.e. P 4, since a unique HFB vacuum with A HFB ≈ 18 is found as a solution to A [P ] (A HFB ) = 18. At higher orders, this is no longer possible and the use of a resummation method is mandatory to achieve a meaningful particle-number adjustment.
Constrained BMBPT
Results obtained with the particle-number adjustment are displayed in Fig. 6 . In each case, the average particle number is evaluated consistently with the method of choice and is adjusted to the target value at each working order P to better than 10 −5 .
As seen from panel (b), the average particle number is indeed equal to 18 in all cases, meaning that the adjustment procedure succeeds in constraining the average particle number at each working order 30 .
As for the energy, BMBPT • performs well for the orders at which the constrained scheme is applicable, i.e. up to order 4. Resumming the series through BMBPT • -Padé and BMBPT • -EC method provides sequences converging to the BCI • limit. Knowing that BCI • displays now the correct average particle number 31 , the associated reference energy differs slightly from the BCI • one visible on Fig. 3 and can be considered as the optimal reference to reproduce. Taking a closer look at the grand potential through the inset of Fig. 6(a) , BMBPT • -Padé is shown to converge slowly, 30 The only exception is BMBPT • -Padé at third order for which no HFB vacuum resulting in A [3] 0 = 18 could be found. 31 Even though the average particle number is correct, the particle number dispersion associated with BCI • is still (wrongly) different from zero due to the fact that the diagonalization operates in a truncated subspace. i.e. one must go to order 10 to reach an accuracy of about 1 %. On the other hand, BMBPT • -EC is quickly converging and is well below the 1 % accuracy at order 3.
A posteriori correction
The particle-number adjustment procedure described in Sec. 4.5 and employed in the previous section is computationally intensive. Consequently, a question of interest is whether or not it can be bypassed and safely replaced by an a posteriori correction of the particle-number drift. This question is now addressed and results in the definition of a third flavour of BMBPT, denoted as BMBPT * , and of the resummation methods built on it.
For any of the methods of interest, one has 32
and
for a small variation of the average particle number. Substituting δA ≡ A − A [P ] , i.e. the particlenumber shift at order P , yields This can be used to correct for the drift A−A [P ] as long as it remains small compared to A. Applying this a posteriori correction, there is no need to adjust the HFB vacuum at each order P such that the iterative particle-number adjustment procedure can be entirely circumvented.
The method is tested for O 18 ground-state energy by computing E [P ] = E [P ] + λ18 for a set of HFB reference states carrying A HFB ∈ [16, 24] . The obtained results are shown in Fig. 7 . First, one observes that the BCI * curve is essentially flat, i.e. the energy is independent of A HFB which is at variance with the linear dependence visible in Fig. 5 . It means that Eq. (62) does indeed subtract from the energy the leading-order effect associated with the particle-number drift between the unperturbed vacuum and the correlated state. Second, the same behavior is visible for BMBPT * -Padé and BMBPT * -EC as well as for BMBPT * below P = 4 due to the divergence of the series at higher orders. Again BMBPT * -EC performs best among all evaluation methods and converges rapidly to the exact curve.
To gauge the accuracy of the a posteriori correction, the error with respect to the results obtained through the self-consistent adjustment procedure is displayed in Fig. 8 for all methods of interest. Up to order 4, the a posteriori correction performs well for BMBPT * , providing a error below 1 % 33 . For BMBPT * -Padé, one needs to go beyond 5 th order to obtain accurate energies. Applying BMBPT * -EC, the a posteriori correction performs extremely well at all orders, eventually reaching a precision of about 0.2 %, thus equating the one obtained for BCI * with respect to BCI • .
The quality of a posteriori corrected results can now be characterized by comparing them directly to BCI • that constitutes the optimal reference method. As visible in Fig. 9 , BMBPT * performs well up to order 4 where it delivers an error below 1 % but degrades quickly at higher orders. BMBPT * -Padé converges towards BCI • , displaying a constant 2 % error for P ∈ [1, 7] before reaching the sub-percent accuracy for P ≥ 8. Applying BMBPT * -EC, the a posteriori correction performs extremely well, already reaching the sub-percent accuracy at first order before leveraging to the same 0.2 % error as BCI * at higher orders.
One eventually concludes that the a posteriori correction is a cheap and accurate way to bypass the numerically costly particle-number adjustment procedure. While appropriate at low orders for the pure Taylor expansion, BMBPT * -EC delivers largely superior results and becomes mandatory at higher orders.
Validation of low-order BMBPT calculations
Realistic BMBPT calculations of mid-mass nuclei performed in large model spaces (e.g. e max = 12, F SDT (Q) ) will remain unattainable beyond P = 3 for the years to come 34 . Moreover, the iterative particle-number-adjustment method being costly, employing BMBPT * constitutes a preferable option for realistic calculations.
Thus, Fig. 10 focuses on the accuracy achievable via low-order BMBPT * calculations. Panel (a) demonstrates that a 2 % accuracy on the energy is typically reached at low orders compared to BCI • , which is similar to typical state-of-the-art non-perturbative methods and motivates the use of low-order BMBPT * in future realistic calculations. However, panel (b) displaying the particle number dispersion illustrates that BMBPT * , while decent up to P = 2, quickly behaves erratically. This feature underlines that, in spite of the adequate behavior of the energy, low-order BMBPT * results are contaminated by the breaking of U (1) symmetry in a way that is not controlled. This eventually calls for the actual restoration of the symmetry via the recently designed particle-number projected BMBPT formalism [42] . While restoring the symmetry exactly, PBMBPT further incorporates additional static correlations into low-order calculations.
Conclusions and outlook
Convergence properties of the so-called Bogoliubov many-body perturbation theory (BMBPT), suited to the description of open-shell atomic nuclei have been investigated at length.
The capacity of BMBPT to capture strong "static" correlations originates in the allowed breaking of U (1) global gauge symmetry associated with the conservation of particle number. As a result, BMBPT was formulated as a perturbative expansion under the constraint that the particle number is correct in average. Subsequently, a recursive scheme was invoked to perform BMBPT calculations up to high orders to investigate the convergence behaviour of the associated Taylor series. Furthermore, resummation techniques from applied mathematics, i.e. well-known Padé approximants and the novel eigenvector continuation method [61] , were considered to evaluate observable beyond the strict Taylor expansion.
Benchmark calculations of the O 16 doubly closed-shell nucleus were first shown to reduce to the standard particle-number conserving HF-MBPT and thus to generate a convergent Taylor series [53] . The use of eigenvector continuation was found to accelerate the convergence rate substantially. In contrast, results for O 18 demonstrated that the BMBPT Taylor expansion diverges in open-shell nuclei such that resummation techniques are required to transform the diverging sequence into a convergent one.
In this context, the iterative adjustment procedure was shown to allow the constraint of the average particle number to the physical value at low orders in BMBPT, and thus to cure the energy from the contamination associated with the particle-number drift. Due to the divergence of the Taylor expansion, the use of resummation methods was however shown to be mandatory when going beyond order 4. Furthemore, the a posteriori correction on the average particle number used ad hoc in Ref. [26] was successfully benchmarked against the reference results obtained from constrained BMBPT.
Eventually, the key conclusions of the present investigation are that:
1. The full-fledged BMBPT under constraint can be bypassed via a low-cost a posteriori correction of the unconstrained/non-iterative BMBPT;
2. In spite of the diverging character of the Taylor expansion, low-order BMBPT predictions reproduce exact result within 2 %;
3. The eigenvector continuation built from low-order BMBPT corrections presents a great potential to achieve high-accuracy results in realistic calculations whenever necessary.
Given that the results were obtained using a small, i.e. schematic, model space, the above conclusions cannot be naively extrapolated to realistic calculations. Still, one can genuinely hope that they will remain valid in much larger model spaces. Consequently, the next step will consist of investigating the above features in ab initio calculations of open-shell nuclei performed in realistic model spaces.
is an antisymmetric matrix defined from the Bogoliubov transformation (Ũ ,Ṽ ) relating the quasiparticle operators of |Φ to those of |Φ introduced in Eq. (9) . Due to the anti-symmetry of Z, matrix elements Z k1k2 with k 1 < k 2 constitute the independent variational parameters. Employing Eq. (A.2) and using that the norm in the denominator cancels disconnected terms, i.e. terms arising from contracting strings of quasi-particle operators that do not originate from the operator Ω, one
where the expansion has been truncated to second order in Z. The variation of Eq. (A.4) with respect to Z * k1k2 evaluated at Z = 0 is required to vanish for all (k 1 , k 2 ) pairs such that k 1 < k 2 . It provides the condition
which is eventually valid for all (k 1 , k 2 ) due to the anti-symmetry of Ω 20 . Requiring the same for the variation with respect to Z k1k2 gives the complementary equation
for all (k 1 , k 2 ). One can conclude that Ω 02 and Ω 20 vanish in the quasi-particle basis associated to the HFB solution. However, Eqs. ExpressingH in the single-particle basis provides the Hartree-Fock-Bogoliubov Hamiltonian under the form 
Finding the variational minimum, i.e. the HFB reference state, amounts to diagonalizing H, or equivalently to solving the eigenvalue equation
The eigenvectors (U k , V k ) determine the quasi-particle creation and annihilation operators {β † k , β k } through Eq. (9) whereas the eigenvalues provide the quasi-particle energies E k entering Eq. 23. The eigenvalue problem of Eq. (A.11) needs to be solved iteratively until self-consistency is achieved given that h and ∆ depend on U and V , i.e. on the eigenvectors.
It is clear from Eq. (A.11) that the HFB equation delivers 2n eigenvalues E k and eigenvectors (U k , V k ), where n is equal to the dimension of the one-body Hilbert space H 1 . In fact, these eigenstates appear in pairs: one with a positive quasi-particle energy +E k and one as its negative counterpart with quasi-particle energy −E k . The lowest-energy HFB solution is found by selecting the n quasi-particle states with positive eigenvalues E k to build ρ and κ, and thus h and ∆.
Appendix B. Visited subspace of F
Appendix B.1. Many-body state
It is interesting to identify the unperturbed subspace of Fock space F visited by the approximate ground state |Ψ 0 (1) is therefore equal to P times the quasi-particle rank of Ω 1 . Taking Ω 1 to contain up to two-body terms as in the present applications, the first-order ground-state wave-function contains up to 4 quasi-particle excitations, i.e. its components lie in the so-called singles and doubles subspace F SD . Similarly, F SDT Q is first reached at order 2 and F SDT QP H at order 3. A more general statement is summarised in Tab. B.1.
Perturbative
order P Since Ω 1 is presently represented in a fixed subspace of F, the perturbative correction |Φ (p) n are complete only up to a certain order in BMBPT in practical applications. At higher orders, this truncation may have a significant impact since a large part of Fock space is in principle visited by the many-body state is ignored.
Appendix B.2. Many-body observable
As for the wave function, it is interesting to investigate which subspace of F is visited through the Taylor-like evaluation of an observable at a given order P . Focusing on the ground state, Eqs. (48) and (52) 
Operators O and Ω 1 connect the unperturbed vacuum to itself through a chain of intermediate quasi-particle excitations. At order P , taking Ω 1 of rank k and O of rank l, the chain involves 2P k + 2l quasi-particle operators such that the visited space depends naturally on l and k. Considering that l ≤ k (which is the case in practical applications), the most excited intermediate state has a quasi-particle rank equal to 2 (P mod 2)l + P 2 k . This formula can be understood applying the following reasoning. At order P , half of the Ω 1 operators act by exciting the vacuum while the other half is needed for the full de-excitation, giving rise to the term P 2 k. The remaining operator O can induce l additional excitations only if there is one Ω 1 left for the subsequent de-excitation. This happens when P is odd, hence the remaining term (P mod 2)l. A similar reasoning can be applied assuming k < l ≤ 2k. The cases l ≤ k and k < l ≤ 2k are summarised in Tab. B.2.
Perturbative
order P l ≤ k k < l ≤ 2k 0  0  0  1  2l  2k  2  2k  2l  3 2(l + k) 2(2k) 4 2(2k) 2(l + k) 5 2(l + 2k) 2(3k) 6 2(3k) 2(l + 2k) . . . . . . . . . P = 2n 2(nk) 2(l + (n − 1)k) P = 2n + 1 2(l + nk) 2(n + 1)k (1) . Ω 1 (O) is assumed to contain up to k-body (l-body) operators. Only the cases l ≤ k and k < l ≤ 2k are represented.
The variance of O involves the square of that operator, which carries twice the rank. The subspace of F visited when evaluating the variance at a specific order is therefore larger. Table B.2 can also be used in this case by simply doubling the rank of the considered operator.
Appendix C. Padé resummation
Given a function O(x), its (M, N ) Padé approximant is defined [52] as the unique rational function
The (M, N ) Padé approximant of a function requires therefore the M + N + 1 first coefficients of its Taylor series. Denoting the Taylor series of O(x) as
it can be obtained from the determinants of the (N +1)×(N +1) matrices containing the power-series
The mathematical foundation of Padé approximants relies on the conjecture formulated in Ref. [70] . A simplified version reads: let the function O(x) be a continuous function for |x| ≤ 1, then there is an infinite subsequence of diagonal Padé approximants O[N/N ](x) that for N → ∞ converges locally uniformly to O(x) for |x| ≤ 1.
Empirically, the use of a rational function instead of a Taylor series, i.e. a simple polynomial, is motivated by the fact that it can account for poles of the approximated function in the complex plane. These poles limit the convergence domain of the Taylor series while the Padé approximant may converge on a larger domain, thus, being more flexible than classic Taylor series. Hence, Padé approximants may converge to the asymptotic value of an observable, even though the partial sums of the Taylor series diverge.
The Padé resummation scheme is applied to the Taylor series of an observable O In fact, in order to resum only the dynamic correlations, i.e. the corrections appearing on top the HFB reference, the order-zero constant of the Taylor series is excluded when applying Eq. (C.5). The choice (M, N ) = ( P 2 , P 2 ) is motivated by the fact that M ∼ N . The P -order approximant for the dispersion is defined accordingly as ∆O [ 
